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The mechanism of the H2O bend vibrational relaxation in liquid water has been examined via classical MD
simulations and an analysis of work and power contributions. The relaxation is found to be dominated by
energy flow to the hindered rotation of the bend excited water molecule. This energy transfer, representing
approximately 2/3 of the transferred energy, is due to a 2:1 Fermi resonance for the centrifugal coupling
between the water bend and rotation. The remaining energy flow (∼1/3) from the excited water bend is
dominated by transfer to the excited water molecule’s first four water neighbors, i.e., the first hydration shell,
and is itself dominated by energy flow to the two water molecules hydrogen (H)-bonded to the hydrogens of
the central H2O. The energy flow from the produced rotationally excited central molecule is less local in
character, with approximately half of its rotational kinetic energy being transferred to water molecules outside
of the first hydration shell, whereas the remaining half is preferentially transferred to the two first hydration
shell water molecules donating H-bonds to the central water oxygen. The overall energy flow is well described
by an approximate kinetic scheme.

I. Introduction

In a recent contribution1 (hereafter I), we have examined, via
nonequilibrium classical molecular dynamics (MD) simulations,
the time scale and energy flow pathway for the relaxation of an
excited H2O bend vibration in liquid water, together with the
related issues for the decay of librational (hindered rotational)
H2O energy. The time scale for the bend relaxation was found
to be ∼270 fs, in reasonable agreement with ultrafast infrared
(IR) measures (∼170 - 260 fs) for the H2O bend in liquid
H2O.2-7 The H2O librational energy decay time scale, more
precisely that of the librational kinetic energy, was found to be
∼30 fs, consistent with the experimental2,3 upper bound ∼100
fs.8 In addition to these time scales, the energy flow pathway
for the relaxation of the water bend vibration was followed
through the first several hydration shells of the excited water,
as was (in separate calculations) the relaxation of a rotationally
excited water molecule. In addition to the quite rapid energy

flow through these shells, the most striking feature of the flow
patterns found in I was the significant contribution of a rapid
initial intramolecular water bend to water rotation energy
transfer.

There are however several limitations for this previous study.
First, in order to render the energy flow route visible, consider-
able initial excitation was required, e.g., an energy corresponding
to approximately three quanta of the water bend. Since
experimentally it is the bend fundamental that is involved,2,3 it
is desirable to establish the flow pattern at a lower level of
excitation. Second, although a 2:1 Fermi resonance1,9,10 for the
centrifugal coupling1,11,12 between the excited water bend and
(hindered) rotation was strongly implicated for the important
intramolecular bend to rotation energy transfer, this was not
explicitly established in I. Third, while energy transfer to the
first hydration shell of the excited water was followed, no
distinction could be made between the roles of different water
molecules in that shell, e.g., those receiving and those donating
hydrogen bonds to the excited water molecule.

In the present work, we examine the water bend relaxation
problem in a different fashion. In particular, we employ the
power and work formulation introduced for vibrational energy
relaxation by Whitnell et al.11,13 and employed in various
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subsequent studies.14 This formulation, in connection with
nonequilibrium MD trajectory studies, enables us to clearly
expose the energy flow pathway for the water bend fundamental,
including the crucial participation of the excited water’s rotation,
whose centrifugal coupling1,11,12 to the water bend is here shown
to give a near-resonant 2:1 Fermi resonance1,9,10 in aqueous
solution. The key inertial axis rotation of the water molecule is
also identified. The formulation also allows a clear picture of
the participation of the water molecules in the excited water’s
first hydration shell, and their dependence on their hydrogen
bonding character vis a vis the excited water molecule. Further,
the formulation permits clarification of the role of different
hydration shells in the relaxation of the rotational energy
received by the bend excited water via the centrifugal coupling.

We add a brief remark concerning nomenclature. Any rotation
of a water molecule in the liquid is hindered, i.e., librational in
character. Since within we will be primarily concerned with
rotational kinetic energy and a “libration” actually refers to both
kinetic and potential energy aspects, hereafter we generally
employ the terms “rotation” or “rotational’.

The outline of the remainder of this paper is as follows. In
section II, we present the basic theoretical formulation, focusing
especially on the definitions of the power and the work
associated with the excited water bend vibration and the hindered
rotation of that same water molecule. The basic scheme for the
stages of, and contributions to, the energy flow is also introduced
here. The computational details are given in section III. The
power and work results are presented in section IV, where the
importance of the Fermi resonance centrifugal coupling between
the water bend and rotation is demonstrated, as is the participa-
tion of different first hydration shell water molecules in the
energy flow directly from the excited water’s bend vibration as
well as from that water’s induced rotational excitation. A
simplified kinetic scheme is shown in section V to well describe
the results. Concluding remarks are offered in section VI.

II. Theoretical Formulation

A. Model. The model we employ for the bend excited water
molecule is the same as in I,1 namely a SPC/E15 molecule in
which only the intramolecular bending is allowed to vibrate,
with the O-H distances kept fixed at their equal equilibrium
value R. (All of the other molecules in the problem are taken
to be rigid). Since there is only one vibrational mode, a number
of important quantities can be worked out analytically, which
will greatly simplify the analysis. We begin with the water
molecule coordinates. The Eckart configuration (which allows
for an optimum separation of rotation and vibration) corre-
sponding to a given distorted configuration can be easily shown16

to be the one displayed in Figure 1. Since the OH bonds have
a fixed length R, the position vectors in the bending plane can
be written in terms of the instantaneous bend angle (θ) between
the OH bonds

The vibrational velocities are just the derivatives

with θ̇ denoting the bend angular velocity. From the antisym-
metry of the hydrogen velocities along the x axis, it follows
that there will be no vibrational angular momentum and thus
the present model does not contain any Coriolis coupling.

Upon writing the bend vibrational kinetic energy (KVib) in
terms of these velocities,

we obtain the effective mass for the bend vibration as

where M denotes the total water molecular mass.
B. Hamiltonian. With these preliminaries, we turn to the

water molecule Hamiltonian. The Hamiltonian of a classical
polyatomic molecule is17

where KVib is the vibrational kinetic energy (eq 3), ωb is the
angular velocity vector, and Fbi stands for the displacements from
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Figure 1. Eckart configuration (dotted line) corresponding to an
instantaneous (dotted line) configuration of the water molecule. Also
included: axis definitions (centered at the center of mass), and
instantaneous displacements with respect to the Eckart configuration.
(The y and z axis definitions here differ from those in ref 1).
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the Eckart configuration (Figure 1). The corresponding term in
the Hamiltonian involving those displacements is the product
of ωb and the vibrational angular momentum which, as previously
discussed, is zero in the present water model, and we are left
with

i.e., the center of mass (CM) kinetic energy, plus the rotational
kinetic energy (for which there is no ambiguity in the present
model), plus the vibrational energy comprising the last two
terms, with the bend potential energy assumed to be harmonic.

The rotational kinetic energy can also be expressed in terms
of the water molecule’s moment of inertia. The principal values,
with respect to the principal axes displayed in Figure 1, are

where the numbers are the approximate values for the equilib-
rium angle (θeq ) 109.47°) (in units amu ·Å2).

C. Power. As discussed in the Introduction, the present work
relies heavily on the computation of the power exerted on the
different (vibrational, rotational, translational) modes, as this
allows us to easily pinpoint the paths of the energy flow from
the excited water bend vibration.11 In order to obtain the formula
for each power (i.e., the time rate of change of energy), it is
only required to take the time derivative of the corresponding
term in the Hamiltonian (eq 6).

The simplest case is that of the power (i.e., the time rate of
the kinetic energy change) on the translational mode of the water
molecule. Differentiating the CM kinetic energy we have

Partitioning the external force Fbext in terms of the contribu-
tions from each molecule (or groups of molecules of interest)
is one example of the feature that allows for the detailed study
just referred to. This formula constitutes the simplest illustration
of what is also possible for rotational and vibrational modes,
although the derivation of the corresponding formulas requires
more care, as will now be seen.

Turning to the power for the water bend vibration, we
consider first the derivative of the vibrational kinetic energy

into which we substitute the relation18 between velocities in the
inertial system (denoted with capital letters) and in the Eckart
frame (lower case)

Only two terms survive

where the first term is just the total power coming from forces,
both internal and external, and the second term arises from
centrifugal coupling. After some algebraic manipulation, the
latter term can be expressed in terms of the components of the
angular velocity in the Eckart coordinate system

The bend vibrational power is completed with the time
derivative of the vibrational potential energy, for which we have

with the last equality resulting from the inertial-Eckart frame
velocity relation Vbi ) Vbi + ωb × rbi, and involving the
intramolecular force.

Combination of eqs 12 and 13 gives the derivative of the
total vibrational energy

from which follows the power formula we will use in the
calculations

i.e., the total power on the vibrational mode (Pvib(t)) results from
the sum of the power associated with the external forces Pvib

ext(t)
(which, again, can be partitioned into the different contributions),
and the power resulting from centrifugal vibration-rotation
(VR) coupling Pvib

VR(t).
We now turn to the power for the water rotational kinetic

energy, i.e., the time derivative of the rotational kinetic
energy. In this power, the term Pvib

VR(t) in eq 15 must also
appear, with the opposite sign. To evaluate the time deriva-
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tive, we employ the principal axes and their associated
angular velocities

This can be re-expressed in terms of the angular momentum
components time derivative

so that

where the first term is just the power associated with the external
torque, with components (τext)R ) dLR/dt, and the second term
arises from the vibration-rotation centrifugal coupling. After
computing the derivatives of the inertia moment components
(see eq 7), this term indeed turns out to be the same as we
obtained in the derivative of the vibrational energy, but with
opposite sign. The rotational power is thus given by

where now it is the torque (τbext) which can be partitioned into
the contributions of choice.

D. Work. With the power formulas developed above, we
can compute the total amount of energy that flows from some
specific mode of a given molecule into another molecule (or
group of molecules). We recall for instance that eq 15 shows
that there are two contributions to the water bend vibrational
energy variation

so that, after time integration, the time-dependent change in bend
vibrational energy will be expressed in terms of the time-
integrated power contributions of work performed during the
process

If we consider a nonequilibrium simulation, with the water
molecule’s bend vibrationally excited at the initial time, by the
end of the relaxation process these work contributions will
plateau at certain values that will add up to (minus) the initial
excess energy. On the other hand, in the case of equilibrium
simulations, only the power contributions will be of interest, as
the total work will average to zero.

We will pursue the same basic approach for the work done
on the rotation and translation of the bend vibrationally excited
water molecule (eqs 8 and 19), and on the rotation and
translation of the immediate neighbors of this excited water.
For these first hydration shell water molecules, there is no
vibration, since these are treated as rigid molecules. Furthermore,
we will partition this group of four immediate neighbors into
two subsets: the two water molecules directly hydrogen (H)-
bonded to the hydrogens of the excited water molecule will be
referred as 1 and 2 (or 12 when considered as a group), and the
other two waters donating H-bonds to the excited water will be
referred as 3 and 4 (34 as a group), see Figure 2. (This differs
from the division into two hydration shells and the bulk made
in I).

Since it will be necessary to keep track of a substantial
number of different work contributions, they will henceforth
be labeled with the notation Wi

R(j), where i denotes the molecule
(or molecules) doing the work, and R the mode of molecule j
on which this work is done (i.e., W12

V(C) would refer to the work
done by molecules 1 and 2 on the bend vibration (V) of the
central (C) molecule).

This approach allows for a rather detailed, and potentially
complex, analysis of the energy flow from the bend vibrationally
excited water molecule. In order to obtain a picture that captures
the basic features of this flow, the contributions to the work
performed on the excited molecule have been partitioned in the
fashion illustrated in Figure 3. We distinguish, with subsequent
justification, two stages in the process: a “first stage” in which
the excited water’s bend vibrational energy directly flows into
its neighbors (Wext, with the subscript indicating “external” to
the bend excited water molecule), and also flows into this
water’s own rotation (WVR), and a “second stage” in which this
excess rotational energy flows into the rotations and translations
of the neighbors of the central, excited water.

Furthermore, each of the two contributions to the work
performed by water molecules external to the central, bend
excited water (i.e., the work on the central water’s bend
vibrational mode and the work on the central water’s rotational
mode) has been partitioned into three contributions: that of water
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Figure 2. Sketch of the numbering of molecules around the “central”
(bend excited) water molecule. The two water molecules directly
H-bonded (blue dotted lines) to the hydrogens of the excited water
molecule are referred as 1 and 2, while the other two waters donating
H-bonds (green dotted lines) to the excited water are referred as 3
and 4.
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molecules 1 and 2, that of water molecules 3 and 4, and that of
the rest of the liquid, i.e., beyond the first hydration shell. We
have for instance that the external work on the central water
vibrational mode is expressed as

reflecting our a priori expectation that the first stage energy flow
process will be mainly local in character (and thus that the
central water’s first four neighbors will be particularly relevant),
and that these four molecules will not have an equivalent role
(one might expect that molecules 1 and 2 H-bonded to the
central bend-excited water’s hydrogens might play the leading
role). A similar formula holds for the work on the central water
molecule’s rotation (“second stage”, see Figure 3).

III. Computational Details

A. Model. The SPC/E model15 has been adopted for the water
molecules. All simulations have been run with an in-house code
using 200 molecules, with a time step of 1 fs, at a mean
temperature of 300 K, with a box size of 18.15 Å, and with a
cutoff distance of 8.57 Å. The Ewald sum correction has been
included for Coulomb forces. As stated in section II.A, the
bending mode of one of the molecules is allowed to vibrate (in
all nonequilibrium and some equilibrium simulations, see below)
with a force constant of 90.45 kcal/mol.1 This force constant
corresponds to a water bend frequency of 1660 cm-1 that is
close to the experimental value of 1650 cm-1.

Three sets of simulations have been carried out:
• Equilibrium simulations with all water molecules rigid, in

order to compute rotational energy time correlation functions

(total and around the different body centered axes) and the
corresponding Fourier transforms. The equations of motion have
been integrated with a leapfrog algorithm19 that involves
temperature control, with internal constraints handled with the
“SHAKE” algorithm.20

• Equilibrium simulations with all water molecules rigid
except one, in order to determine equilibrium time-dependent
values of the powers exerted on different modes.

• Nonequilibrium simulations. A long trajectory with all water
molecules kept rigid is integrated in a fashion similar to the
equilibrium simulations described above. Every 2 ps the
instantaneous configuration is taken as the initial one for a
nonequilibrium run. A bending angle is sampled for one of the
water molecules (see the next subsection for further details) and
a bend velocity is added so that a total energy 3/2pωb is put into
the bending mode,21 where ωb is the harmonic bend frequency.
This water’s translational and rotational velocities are kept
without changes, which can result in slightly larger or smaller
rotational kinetic energy depending on whether the angle
sampled is larger or smaller than the equilibrium value. No
resampling of rotational/translational velocities has been done
for the remaining molecules. The nonequilibrium trajectory is
run for 3 ps without temperature control, while the quantities
to be analyzed (energy, power, work) are computed. Most of
the results to be described correspond to a total of 2000
trajectories, although smaller sets have been used as well to
assess the effect of initial conditions. Equations of motion for
the nonequilibrium trajectories have been integrated with the
“RATTLE” algorithm.22

B. Initial Conditions. Since at the initial time of the
nonequilibrium simulations the water molecule is distorted from
the equilibrium configuration (with bend angle increments that

Figure 3. Different contributions to the work exerted on the bend vibrationally excited water molecule, computed in this work. There are two basic
contributions: intermolecular, i.e., work done by the rest of the liquid on the excited, central water; and intramolecular, i.e., that coming from
centrifugal coupling and which thus produces rotation of the central water. Notice that the external work on the water bend vibration has been
partitioned into three contributions (that of water molecules 1 and 2; that of water molecules 3 and 4 (see Figure 2); and that of the rest of the
liquid). The same partitioning has been used for the work on the central water’s rotation.

Wext ) W12
V(C) + W34

V(C) + Wbulk
V(C) (22)
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can reach up to 20° from the equilibrium value, see below), we
have assessed the possible effect that the probability distribution
assumed for this increment might have on the final results. Three
different sets of probability distributions have been tested:

• Thermal. Here the angle increment is sampled according
to a thermal distribution, assuming that we approximately have
a harmonic oscillator with a constant effective mass µ (in our
model the potential energy is exactly harmonic and the effective
mass, eq 4, has only a feeble dependence on angle). The
distribution in this case is just a Gaussian, and thus peaks at
zero

• Quantum. In addition to the addition of an initial energy of
3/2pωb to the water bend vibration, one could try to mimic the
probability distribution of angles in the first excited state, a
distribution substantially different from the previous one (with
two relative maxima and a zero at the center). In this case, the
corresponding distribution is (again for a harmonic oscillator)

It should however be remarked that it will not be possible to
sample the full distribution, as the tails correspond to angles
beyond those classically allowed by the bend potential energy.

• Equiprobable phase. In their study of vibrational relaxation
in bromoform using classical dynamics,21 Ramesh and Sibert
sample from an equiprobable distribution of phase in an action-
angle treatment of the oscillator.24 This approach is based on
the feature that both position and momentum of the oscillator
can be written in terms of a phase (R). In the approximation of
a harmonic oscillator

which can be used to produce a probability distribution for θ.
With the assumption of a uniform distribution for R (pR ) 1/2π)

so that finally

This distribution clearly shows the classical turning points
for the bending angle (θmax ) �2E/µωb

2 ≈ 20°). Almost all the
results that we report correspond to this case although, as will

be shown, no significant differences result from using any of
the three probability distributions.

Figure 4 displays the actual distributions of initial angles
obtained for 1000 trajectory runs. The thin lines correspond to
the actual sampling and the thick ones to theoretical curves (note
that for the quantum case the classically forbidden distribution
tails are not sampled).

IV. Results

A. Equilibrium Results. In order to gain some initial insight
into the energy flow from the excited water bend viewed from
the present perspective of power and work (as opposed to the
monitoring of excess energies in each mode that was done in
I), we start by examining at the results from equilibrium
simulations where the bend of one of the water molecules is
allowed to vibrate. As noted in section II.D, in this setting it is
only the power which is of interest, as the work averages to
zero.

Figure 5 displays the results for a time span of 0.5 ps. The
feature which stands out at the outset is that most of the power
is accounted for by the four immediate neighbors in the first
hydration shell of the bending water. Indeed the power associ-
ated with these four waters tends to be larger than the total
power, implying that the rest of the liquid compensates for this
slightly larger amount. This result supports our a priori notion
that the process of intermolecular energy transfer, from vibration
to rotational/translational modes (and vice versa), is largely local.
Indeed (not shown) the main contribution comes from the two
molecules H-bonded to the hydrogens of the central flexible
one (denoted 1 and 2; see Figure 2). In addition, we note that
the power associated with the intramolecular centrifugal cou-
pling is comparatively almost negligible, so that the pathway
of energy transfer from bending to self-rotation appears to be
rather inefficient.

On the basis of these equilibrium results, it would seem
reasonable to expect that for nonequilibrium trajectories most,
if not all, of the water bend vibrational excess energy, will go
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e-µωb
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π(µωb
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Figure 4. Distributions of initial water bend angle obtained from a
sampling of 1000 trajectories. Thin lines correspond to the actual
sampling and thick ones to theoretical curves described in the text.
Green corresponds to the “thermal” distribution, black to “equiprobable
phase”, and red to “quantum” (note that for this case the nonclassical
tails are not sampled). The x axis corresponds to the deviation from
equilibrium angle measured in rad.
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into rotational/translational motions of the four immediate water
neighbors, with molecules 1 and 2 taking a higher proportion,
and with a marginal flow of energy into self-rotation. But the
latter conclusion is strongly at odds with the conclusions of I,
and further analysis is clearly called for.

B. Nonequilibrium Results: Energy. In order to ascertain
whether the expectation suggested by the above equilibrium
results is correct, we now turn to the nonequilibrium simulations.
We first revisit the time evolution of the average excess energy
contained in each mode, the approach that we took in I. Figure
6 displays the results obtained in the present simulations,
summarizing what was discussed in greater detail in I. In
addition to the fast decay of the excited water’s bend vibrational
energy (≈ 0.27 ps),1,23 which as noted in the Introduction is in
reasonable agreement with experimental results, the most

remarkable aspect probably is the very modest build-up of
translational/rotational energy on any of the water molecules.
Obviously this does not mean that these molecular motions do
not play a role, as it is clear that (with no vibrational modes
available) all the energy is spread over these modes. Such small
fluctuations are explained by the fact that intermolecular transfer
of translational/rotational energy is substantially faster than that
of vibrational energy, as was argued in I. This assertion is
supported in Figure 7, which displays the time correlation
functions (tcfs) of the fluctuations of translational and rotational
energy (obtained from a separate equilibrium simulation with
only rigid water molecules). It is easily noted by direct visual
inspection (the same time span is plotted in both Figure 6 and
Figure 7), that translational/rotational tcfs decay much faster
than the nonequilibrium excess bend vibrational energy. Indeed,
an exponential fit to both tcfs shows that their decay times are
approximately 1 order of magnitude faster than the 0.27 ps
characteristic of the vibrational energy. In short, even though
there is initially ≈5 kcal/mol of excess bend vibrational energy
in the central molecule, once it flows into rotational/translational
energy it rapidly spreads into first neighbors and/or bulk
molecules, with little build-up of excess energy in any mode.
Unfortunately this makes it difficult to ascertain the specific
paths through which the energy flows.

Nevertheless, and despite the high degree of noise present,
the details of the excess translational/rotational energy (see inset
of Figure 6), point to what mechanisms might be relevant, as
discussed in I. The rise of the librational kinetic energy of the
excited water molecule is the largest in amplitude and the most
rapid, as is its decay, indicating that this motion is quite
important in the energy flow mechanism. In comparison, for
the four water neighbors, the corresponding rotational energy
rise and amplitude is smaller and slightly slower respectively,
with the decays also slightly slower. As for the translational
energy, that of the central molecule is barely above equilibrium
values, while that of its four neighbors (combined) is now
slightly larger, suggesting that once rotational energy flows into
translational modes the central molecule plays a role equivalent
to that of its neighbors. It seems reasonable to conclude, as in
I, that for the excited water bend there is an important initial
energy flow to the hindered rotational motion of the bend-excited

Figure 5. Contributions to the power exerted on the central water’s
bend vibrational mode. Black line: total power exerted by external
forces, i.e., by all other water molecules, Pvib

ext (see eq 15); green:
contribution to this power coming from the central water’s four closest
water neighbors (the first hydration shell); red: power coming from
centrifugal coupling between the central water’s bend and rotation, Pvib

VR

(see eq 15).

Figure 6. Averaged excess energy in each of the modes for trajectories
in which the bend of one of the water molecules is initially excited.
Black: vibrational energy of initially excited H2O; green: rotational
kinetic energy of this same molecule; red: rotational kinetic energy of
its immediate four neighbors combined; yellow: translational kinetic
energy of the vibrationally excited molecule; blue: translational kinetic
energy of the immediate four water neighbors combined. The inset
displays a blow up of rotational/translational excess energy.

Figure 7. Normalized time correlation functions (tcfs) of H2O
rotational/translational kinetic energies, obtained from an equilibrium
simulation of rigid water molecules. Continuous line: rotational energy;
dashed: translational energy. The “bump” feature in the roational tcf
was associated with the reversal of angular momentum in I.
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water. This librational energy, and the (predominantly first
hydration shell) librational kinetic energy received directly from
the excited bend, flows very rapidly through the remaining ‘bulk’
of the water solvent. But despite the successes of the analysis
of time dependent energies in I, it is desirable to have a much
more unambiguous, molecularly detailed and quantitative de-
termination of the role played by each of the pathways sketched.
We turn to this next.

C. Mechanism of Bend Relaxation. We now show that the
analysis of the work and power, as described in section II, is
precisely what is required to extract a clear quantitative picture
of the energy flow. Figure 8 displays a core result of this work:
approximately 2/3 of the excited water’s excess vibrational
energy goes into self-rotation through centrifugal coupling (WVR,
see eq 21), while the rest of the energy is transferred to the
neighbors (Wext), basically to the four closest waters (see below).
More specifically, of the (excess) ≈5.6 kcal/mol initially put
into the bending, ≈3.7 kcal/mol are transferred into its own
rotation, while ≈1.8 kcal/mol is transferred to other water
molecules.

Although it is true that the previous analysis of time
dependent energies in I suggested an important role of cen-
trifugal coupling, the very strong dominance just shown for this
mechanism is certainly unexpected, particularly considering the
balance of powers in the equilibrium simulations displayed in
Figure 5. In this connection, it is interesting to note that there
is no obvious change, for the power coming from different
sources, during the nonequilibrium simulation. Comparison of
Figures 5 and 9 (the latter obtained from a nonequilibrium
trajectory) shows no fundamental differences. The direct power
coming from central water’s immediate neighbors still is the
one that accounts for a large portion of the total power, while
that coming from centrifugal coupling is much smaller. It is
now clear that there is a substantial degree of cancellation when
integrating the external power (to obtain the work Wvib

ext), so that
comparatively little net work is done.

Returning now to Figure 8, our next step will be to provide
a detailed analysis of each of the contributions in that figure.
However, first we pause to examine the effect of the initial
conditions. In Figure 10 we show the results obtained from
simulations with the three probability distributions discussed
in section III.B. Each one corresponds to a set of 500 trajectories,

of 2 ps each, with initial configurations taken 1 ps apart. The
only noticeable difference is a smaller weight of centrifugal
coupling in the case of the “thermal” distribution. The results
are therefore rather insensitive to the sampling of initial
conditions in the excited molecule.

D. Centrifugal Coupling Pathway. The importance of the
VR pathway found in Figure 8 can be understood with the aid
of some prior considerations. The potential effect of centrifugal
coupling was discussed by Rey and Hynes in their study of
vibrational relaxation of HOD in D2O26 using a semiclassical

Figure 8. Basic mechanism of H2O bend vibrational relaxation. Black:
excess bend vibrational energy in the excited water molecule; red:
(minus) the work performed on the water bend by centrifugal coupling
(WVR); green: (minus) the work performed by the excited’s H2O water
neighbors (Wext).

Figure 9. Contributions to the power exerted on the excited water’s
bend vibrational mode during a nonequilibrium trajectory. Black line:
total power exerted by external forces, i.e., from all of the excited
molecules’s water environment, Pvib

ext (see eq 15); green: contribution
to this power coming from the four closest water neighbors; red: power
arising from centrifugal coupling in the bend excited water, Pvib

VR (see
eq 15).

Figure 10. Results corresponding to different initial conditions (see
section III.B and Figure 4). Black: excess bend vibrational energy
in the excited water molecule; blue: (minus) the work performed
on the water bend via centrifugal coupling (WVR); green: (minus)
the work performed by the excited H2O’s water neighbors (Wext).
The curves that slightly differ from the rest correspond to the
“thermal” distribution.
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approach. The general form of this coupling, applicable as well
to H2O, is

where the subscripts R,� run over the three principal axes of
inertia of the water molecule, IR represents the associated
moments of inertia, and LR the corresponding angular momenta.
The as

(R�) factors depend on the geometry and intramolecular
potential of the molecule.27 HCen thus shows a 2 to 1 Fermi
resonance coupling between the rotational motion (LR) and bend
vibrational motion (qs) (see also I). Of course, the same feature
can be seen in the present, simpler, model (see eq 15), as the
term Pvib

VR is proportional to ωR
2 and linear in the bending mode

(θ̇). As a consequence, with a water bend frequency ≈ 1660
cm-1, for HCen to be important for the relaxation process
(coupled) librational modes in the neighborhood of 800 cm-1

are required in order to be effective. Although the peak of the
H2O librational band falls1 at ≈500 cm-1 (if computed from
the hydrogen velocity tcf), a nonnegligible contribution might
exist at higher frequencies as well.

In a semiclassical approach, the rate constant for a transition
between vibrational states is expressed in terms of quantum
matrix elements involving the vibrational modes times the
Fourier transform of the tcf of the classical degrees of freedom
to which they are coupled (rotational in this case). In ref 26
Rey and Hynes showed that the relevant tcf is that of the
rotational kinetic energy. This results from the observation that
given the short relaxation time of the solute angular momentum
in solution,1,26 (hindered) rotation can be regarded as part of
the “bath”, i.e., the dynamic environment for the water bend.
According to eq 28, this leads to a V-R rate constant which
involves the Fourier transforms, at various frequencies, of the
tcfs of various fluctuations of the bilinear rotational angular
momentum terms δLRL� ) LRL� - 〈LRL�〉. For HOD, not all of
the individual terms were examined in ref 26 but instead an
approximate approach was taken in which all tcfs were
approximated by the tcf of the rotational kinetic energy along
a representative principal axis R (the axis perpendicular to the
molecular plane, here denoted as z, was chosen in ref 26)

where the last identity amounts to assuming that the angular
momentum variable LR is Gaussian, an assumption which turns
to be rather accurate for H2O1 (as well as for HOD).26 Therefore,
given that the transition rate constant is proportional to the
Fourier transform of CVR(t), in the present approximation, it is
the Fourier transform of the rotational kinetic energy which
matters.

The above arguments, founded on a semiclassical perspective,
can help to clarify the results obtained in the present work. In
addition to the total molecular rotational kinetic energy tcf
(Figure 7), we have also computed the tcfs of the H2O rotational
kinetic energies along each of the principal axes (see Figure 1
for the definition of axes).28 Their Fourier transforms are
displayed in Figure 11, where a vertical line signals the position

of the water bending frequency. All curves decay up to ≈500
cm-1, followed by a finite frequency maximum characteristic
of the libration overtone or combination band which for the y
and z axes peaks around 1000 cm-1. The exception is for the x
axis, for which the peak is located at ≈1500 cm-1, which is
very close to the H2O bending transition frequency 1660 cm-1,
signaling a very close Fermi resonance. But as important as
this 2:1 frequency matching is, it is not the only issue to be
considered though, as the final outcome depends on the delicate
balance of two factors, the frequency match and the coupling.
First, as has just been shown, the power spectrum for the x axis
is substantial at the bend frequency, while it is almost negligible
for the other axes (particularly for the y axis). Second, it should
be noted that the coupling itself is almost maximal for the x
axis as well: according to eq 15 it is proportional to mOωx

2.
This is close to the maximum coupling, which occurs for the y
axis (proportional to Mωy

2, with M ) mO + 2mH), although as
noted above the power spectrum is minimal in the latter case.
For the z axis, the coupling is an order of magnitude smaller
(proportional to 2mHωz

2) and the power spectrum is also rather
small (almost identical to that of the y axis). In short, for the x
axis we have substantially larger power and almost maximal
VR coupling. It is the critical coincidence of both factors that
makes the intramolecular energy transfer of water bend to
rotation an optimal path for H2O vibrational energy relaxation.
That most of the bend energy that goes into self-rotation is
actually flowing into rotation around the x axis can also be
inferred from inspection of the nonequilibrium excess rotational
energies around each axis, displayed in Figure 12. The excess
energy for the x axis is clearly the most important, with small
increases for the y axis as well and, to a slightly lesser extent,
for the z axis, a pattern that reflects the balance of frequency
mismatch and coupling factors just described.

E. External Work on Bending. We now discuss the other,
intermolecular, channel for H2O bend vibrational energy
relaxation during the “first stage”, namely the external work
exerted by the rest of the liquid on the bending mode (which
amounts to ≈1.8 kcal/mol out of the ≈5.6 kcal/mol of excess
vibrational energy). We recall that this total work has been
partitioned into three subchannels (see eq 22 and Figure 3), with
the results for each one displayed in Figure 13. In contrast to

HCen ) -p
1/2

2 ∑
R�

∑
s

LRL�

IRI�

as
(R�)

ωs
1/2

qs (28)

CVR(t) ) CVR(t ) 0)
〈δLR

2δLR
2(t)〉

〈(δLR
2)2〉

) CVR(t ) 0)
〈δKRδKR(t)〉

〈δKR
2〉

(29)

Figure 11. Fourier transform of normalized rotational kinetic energy
time correlation functions for pure H2O. The vertical dashed line denotes
the water bending frequency. Black: total rotational energy; red:
rotational energy with respect to body axis x (see eq 16 and Figure 1
for definitions of axes); green: same for axis y; blue: same for axis z.
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the situation for the intramolecular VR route, this time the
equilibrium powers associated with the central water’s immedi-
ate first hydration shell neighbors (see Figure 5) translate
faithfully into the weights of different groups of molecules. The
work W12

V(C) exerted by molecules 1 and 2 H-bonded to the central
water’s hydrogens (see Figure 2) accounts for about 50% of
the total work (≈0.95 kcal/mol), while the work W34

V(C) of the
H-bond donor water molecules 3 and 4 accounts for only 15%
of the total work (≈0.3 kcal/mol). When taken together we see
that ≈70% of the total external work is exerted by the four
immediate neighbors, so that the rest of the molecules only
account for ≈30% of the external work (Wbulk

V(C) ≈ 0.6 kcal/mol)
or, in other words, a 10% of the excess bend vibrational energy.
The latter percentage clearly shows that the process of H2O bend
energy relaxation is basically a local one: 2/3 of the H2O’s bend
energy goes intramolecularly into the water’s own rotation, while
the rest of the energy mainly flows into the excited water’s four
immediate neighbors, with only 10% of the total initial energy
flowing directly into second shell molecules (and beyond).

The present results thus support an initial speculation in I. It
was noted that, in the simplest image, one could imagine that
the energy transfer from an excited OH bend would involve a
vibration to vibration (VV) transfer from the high frequency

bend to a combination or overtone of water librations. This route
would necessarily involve relatively high frequency librations,
and on the assumption that high frequency librations would be
fairly localized, it would not involve many water molecules. It
was concluded that a normal mode approach,29 which results
in at least tens of molecules involved in each mode, unfortu-
nately did not seem to be useful in that perspective. In the
present work it has been found that the basic intuition expressed
in I seems correct, as bend energy goes into a very small and
localized number of molecules, although it remains to be seen
how this can be translated into a language involving librational
modes.

F. Relaxation of Water Self-Rotation. According to the
scheme in Figure 3, and in order to complete the picture of
energy flow out of the initially bend excited H2O molecule, it
still remains to be seen how the energy which has flowed into
self-rotation relaxes, the “second stage” in Figure 3. The external
work that accounts for this flow of rotational energy is, again,
partitioned into three contributions: molecules 1 and 2 (W12

R(C)),
molecules 3 and 4 (W34

R(C)), plus the rest of the molecules outside
of the first hydration shell (Wbulk

R(C)). The results are displayed in
Figure 14: W12

R(C) ≈ 0.7 kcal/mol (≈15%), W34
V(C) ≈ 1.3 kcal/

mol (≈35%), and Wbulk
R(C) ≈ 1.7 kcal/mol (≈50%). There are

several aspects to note from these ratios.
The first aspect is that almost half of the rotational energy

directly goes into molecules beyond the four immediate
neighbors, a pathway that accounted for only 10% of the energy
flow in the case of bend vibrational energy relaxation. Therefore,
while we have argued that vibrational relaxation basically is a
local process, rotational relaxation is somewhat delocalized in
comparison, directly reaching into water molecules that are not
in direct contact with the librationally excited central water. Most
probably this difference stems from the strong dipole-dipole
coupling in water, leading to a more efficient transfer of
rotational energy over larger separations. Here, we are referring
to the classical intermolecular torque involved in this coupling,
as opposed to any resonant “Förster-like” transfer, since the
angular momenta are not quantized in the liquid. It is also
interesting to note that the roles of molecules 1 and 2 and of
molecules 3 and 4, have been almost reversed in comparison
to the case of bend vibrational energy relaxation (see Figures
13 and 14). While the work done by molecules 1 and 2 on the
bend vibration is three times larger than that exerted by

Figure 12. Excess rotational kinetic energy along each of the body
centered axes of the bend vibrationally excited H2O from nonequilib-
rium simulations.

Figure 13. (Minus) the work contributions exerted by neighboring
molecules on the bend of the bend-excited H2O. See tags on each curve.

Figure 14. (Minus) the work contributions exerted by neighboring
water molecules on the rotation of the bend-excited molecule. See tags
on each curve.
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molecules 3 and 4, now we see that the work on rotation exerted
by the latter is about twice that exerted by molecules 1 and 2.
Again this behavior can be understood in terms of a
mechanistic picture. During bend vibrational relaxation we
can expect large oscillations of the bending angle, which
would couple particularly strongly to the molecules H-bonded
to the hydrogens (molecules 1 and 2), so that energy transfer
to 1 and 2 would be more efficient than that to molecules 3
and 4. For rotational relaxation, it has been shown in section
IV.D that rotational excitation of the central molecule is not
isotropic, since it is mainly librational motions around axis
x of the water molecule that have been rotationally excited,
which involves large amplitude oscillations of the oxygen
in the central water molecule. Since molecules 3 and 4 are
H-bonded to that oxygen, it is to be expected that this path
will now be more favorable.

V. Transition Rates and Kinetic Model

The previous discussion has been focused on the paths of
energy flow out of the initially bend-excited water molecule,
and on their relative weights. It is also of interest to extract the
rates of energy transfer between different modes, in addition to
the overall bend energy relaxation time already discussed. To
this end, we will construct an approximate kinetic scheme that
captures the main features of the energy flow process. The
scheme adopted here is displayed in Figure 15. It contains
the basic sources/sinks previously discussed: EV,C stands for the
initial vibrational energy of the central H2O molecule, ER,C for
its rotational energy, ER,1st is the rotational energy of this water’s
first four neighbors combined, and Eouter the energy of the outer
molecules, the remaining waters outside the central water’s first
hydration shell. All energies are defined as excess energies from
their equilibrium values.

In this scheme, the energy flow process is pictured as one in
whose first stage the initial bend vibrational energy of the central
water goes into (a) its own rotation by centrifugal coupling with
a time scale τ1, and (b) to rotational energy of the four immediate
water neighbors with a time scale τ2. Note that in this accounting
we are ignoring the minor channel in section IV.E that accounts
for the ≈10% of the bend energy that goes directly to molecules
beyond the first hydration shell.

After this initial stage, rotational energy of the central water
is assumed in the second stage to go into rotations of the first
water neighbors with time scale τ3. This assumption again
ignores the channel going directly to the outer neighbors, an
additional ≈10% of initial bend vibrational energy. In this
simplified scheme, the rotational energy of the first four water
neighbors is thus channeling all the energy and finally relaxes

with a time scale τ4. Concerning this excess rotational energy
of the immediate neighbors, we assume that: (a) from what we
know about the relaxation of the central molecule rotation (it
mainly goes to rotations of immediate neighbors), the rotational
energy of the four neighbors will probably go into rotational
energy of the outer water molecules, so that τ4 should be rather
similar to τ3 although (b) when one of these four molecules
relaxes, its energy goes to outer molecules and also to water
molecules inside the first hydration shell, so that τ4 should
actually be slightly longer than τ3. It should be noted that in
this last stage we are ignoring energy flowing back to the first
four neighbors, or from these four waters to the central water,
as well as, for instance, the possibility that a rotationally excited
first shell water simply exchanges with a second shell water, a
process characterized by a longer time scale.25

What we might expect from the approximations made in
our simplified scheme is that there will be more energy going
into the rotation of the four neighbors than in the MD
simulation, since the most drastic approximation is to neglect
two energy flow channels: one that goes directly from the
central water bend vibration to second shell molecules, and
the one going from the rotation of the central molecule also
directly to second shell. This will result in more energy being
build up in rotation of the first shell waters than actually
occurs. This indeed what one sees in the fit (see below); it is
worse precisely for ER,1st, with slightly higher values at initial
times than the MD results.

The kinetic equations for the scheme described above are

whose solutions are

where we have defined

Although it is possible to directly optimize the parameters in
the scheme summarized by eqs 30, we follow a different route
and relate, as much as possible, the different relaxation times
to quantities (work contributions, effective bending relaxation
time) that have already been discussed.

Figure 15. Simplified energy flow kinetic scheme adopted for the
fitting of characteristic transition times. EV,C, bend vibrational energy
of the central H2O molecule; ER,C rotational energy of that excited
molecule; ER,1st rotational energy of first four water neighbors combined;
Eouter, the rotational energy of the remaining waters outside the central
water’s first hydration shell, and translational modes of all molecules.
All energies are defined as excess above the equilibrium values.
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To this end, we start by considering that according to the
kinetic scheme, the excess bend vibrational energy of the central
water satisfies

and simultaneously must satisfy eq 20

If we identify terms between both differential equations and
substitute the time dependence of the central water bend energy
from eq 31 (EV,C(t) ) E0 exp(-t/τeff), which can be used to
determine τeff), the following expressions result for the work
contributions

whose solutions are

We pause to note the interesting feature that both work
contributions have the same time scale as the relaxation of the
central water bend vibrational energy (τeff). The final work
contributions (W(tf∞)) are therefore

which provides a route to extract the ratio of τ1 and τ2

which together with the equation that defines τeff

are the two equations required to obtain τ1 and τ2.
To summarize, in order to obtain the parameters for the kinetic

scheme (eqs 30 and 31), the following procedure is followed:
• τeff is extracted from a direct fit to the decay of the central

water bend vibrational energy.
• τ1 and τ2 are obtained from τeff and the work contribution

ratio, eq 38.

• For τ3 we use the estimation for the decay of the central
water’s rotational energy reported in I (≈30 fs).

• Finally, τ4 is fine-tuned starting from a value slightly larger
than τ3, a starting point motivated by our discussion above.

The following times are obtained: τ1 ) 0.40 ps, τ2 ) 0.82
ps, τ3 ) 0.035 ps, and τ4 ) 0.040 ps. Figure 16 compares both
the time evolution of the various excess energies computed with
MD and the corresponding curves obtained from the simplified
kinetic scheme fit. It is seen that the approximate scheme is a
reasonably good description for the energy flow; as previously
mentioned, the only significant disagreement is the anticipated
overestimation of the four first hydration shell waters (ER,1st),
explainable in terms of our neglect of any direct flow of energy
to waters in the outer shells.

VI. Concluding Remarks

In this sequel to our earlier effort,1 we have found, via
classical MD simulations and an analysis of work and power
contributions, that the mechanism of the H2O bend vibrational
relaxation in liquid water is dominated by energy flow to the
hindered rotation of the bend excited water molecule. This
energy transfer, which represents approximately 2/3 of the
transferred energy, has been analyzed as arising from a 2:1
Fermi resonance for the centrifugal coupling between the water
bend and rotation. The remaining energy flow (∼1/3) from the
excited water bend is dominated by transfer to the excited water
molecule’s first four water neighbors, i.e. the first hydration
shell. Approximately 3/4 of the energy flow to these neighbors
is to the water molecules hydrogen (H)-bonded to the hydrogens
of the central H2O. The energy flow from the produced
rotationally excited central molecule is found to be less local
in character, with approximately half of its rotational kinetic
energy being transferred to water molecules outside of the first
hydration shell, while the remaining half, in a reversal of the
behavior observed for the bend energy transfer, is preferentially
(by about a factor of 2 to 1) transferred to the two first hydration
shell water molecules donating H-bonds to the central water
oxygen, compared to the two first hydration shell waters
receiving H-bonds from this water molecule. The overall energy

ĖV,C ) - 1
τ1

EV,C - 1
τ2

EV,C (33)
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Figure 16. Fit (smooth curves) to the excess energies, for trajectories
in which the bend of one of the water molecules is initially excited.
Broken lines are from MD simulation (as in Figure 6). Black: vibrational
energy of initially bend excited water molecule; green: rotational energy
of this same molecule (note that fitted and computed curves are
indistinguishable on this scale); red: rotational energy of the immediate
four water neighbors combined.

8960 J. Phys. Chem. A, Vol. 113, No. 31, 2009 Rey et al.



flow is well described by an approximate kinetic scheme. These
results strongly reinforce and greatly extend in clarity and
molecular detail the results of ref 1.

A potentially important shortcoming of the present model is
the lack of Coriolis coupling. This is of course the price to pay
to keep the water’s OH bonds fixed at their equilibrium
distances, a most convenient feature in order to avoid an
unphysical leak of energy from the water bend into the much
higher frequency water stretches (see ref 1; see also ref 21 for
an account of the difficulties involved in a classical simulation
of a case where all modes are included). There are reasons to
think, though, that the Coriolis coupling contribution for the
water bend relaxation might be negligible. Rey and Hynes26

showed that for HOD in D2O the associated rate is 3 orders of
magnitude smaller than the (approximate) contribution from
centrifugal coupling, and six orders smaller than the one
resulting from the coupling to surrounding molecules. It should
be remarked that for the computation of the Coriolis coupling
no approximations were required, in contrast to the case of
centrifugal coupling (discussed further below). In conclusion,
notwithstanding the differences between HOD and H2O, Coriolis
coupling does not seem to be a concern for bend relaxation,
although it certainly might play a role for the H2O stretch
relaxation (as one can again infer from the study of HOD in
D2O).26,30

Another potential shortcoming is our exclusive use of a
classical, rather than quantum mechanical description. While
the consequences of this approximation are difficult to assess,
it is noteworthy that there is a strong similarity between
classical and quantum energy flow for related Fermi reso-
nances in isolated molecule problems.32 In addition, concern-
ing our use of a semiclassical time correlation formula in
section IV.D in the investigation of the bend-stretch Fermi
resonance in connection with our nonequilibrium classical
results, some justification of this argument is provided by
excellent agreement found in ref 11 between nonequilibrium
vibrational energy decay and a classical Landau-Teller
description. In connection with the use of a classical model,
the present one belongs to the group of models characterized
by a decrease of the mean bending angle with respect to the
gas phase, a shortcoming that could be corrected with the
use of more sophisticated (polarizable) models.33

In the present work, for the libration of the central water we
have focused on its time evolution (post energy transfer from
the excited water bend) in the context of the energy flow process,
and have not separately examined the nonequilibrium energy
relaxation and pathway for an independently rotationally excited
water, as was investigated in I. The power and work formulation
employed here can also be used for the separate examination
of librational excitation decay in water, a topic of independent
interest.1-3,31

Finally, the fundamental role of centrifugal coupling found
here for relaxation of the H2O bend in pure water is in stark
contrast with what was found by Rey and Hynes26 for the bend
of HOD dissolved in D2O. There, the calculated centrifugal
coupling contribution was negligible for all vibrational transi-
tions, a result later confirmed by Lawrence and Skinner30 in a
calculation that included all terms in the centrifugal coupling.
There are a number of methodological issues that might explain,
in total or in part, such a disparity of results, since the theoretical
approaches taken here (fully classical, with only one mode, and
no approximations for the computation of the coupling) and in
ref 26 (semiclassical, considering all modes, and with the
somewhat strong approximations for the coupling discussed in

section IV.D) are substantially different. Further, conceivably
a difference in mechanism exists between H2O and HOD. As a
preliminary exploration of this issue, and in light of the crucial
role that the Fourier transform of the rotational energy tcf plays
in the H2O case, we have computed the rotational kinetic energy
tcfs for a HOD molecule immersed in D2O (running a 10 ns
equilibrium simulation with 108 rigid molecules). The results,
displayed in Figure 17, are basically equivalent to those in Figure
11 for pure water, with just a shift to lower frequencies of about
200 cm -1. According to eq 29 and the discussion of section
IV.D, the importance of centrifugal coupling found in a
semiclassical calculation (as the one reported in ref 26) will
critically depend on which axis (R) is chosen as representative.
The perpendicular z axis (see Figure 1) was chosen in ref 26
on the grounds that it is the only one that gives a nonzero
contribution to Coriolis coupling. This choice, as can be seen
in Figure 17, is, as was the case for H2O in Figure 11,
characterized by a minimal power at the bending frequency
of HOD. If instead one would take the x axis tcf, identified
in section IV.D as the key axis for the H2O case, with a
substantial power at the same frequency, we might expect a
nonnegligible contribution to the relaxation. Of course the
HOD couplings in this case are different than for H2O, so
that more detailed calculations and simulations are required
to determine the extent of the speedup introduced (the
approximate calculation in ref 26 gave the centrifugal
contribution to the relaxation time on the order of a few ns).
This is an open question for future work.

Note Added in Proof. A discussion of the HOD in D2O bend
relaxation has appeared, Kandratsenka, A.; Schroeder, J.;
Schwarzer, D.; Vikhrenko, V. S. J. Chem. Phys. 2009, 130,
174507.
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